1 . Introduction. - Onsager's theory [l] for nematic solution of anisometric particles accounts for the effect of the particle shape by treating the system similar to an imperfect gas. The theory by Flory [2] uses a different approach. It is based on a lattice model. Both theories give similar results and explain the formation of nematic states in solutions of rod-shape particles. (For a review and comparison see for instance ref. [3] . ) Flory's theory can only give approximate results since it is based on a simplified model. The cluster integral expansion used by Onsager may in principle give accurate results, that is, when the expansion can be extended to sufficiently high terms and provided that in the density rangaof interest the cluster integral approach is still applicable. The discussion of the latter part is the main objective of this paper. are treated like a classical gas of rigid particles. The free energy in this case can be written in the form
Here cp(T) depends only on temperature.
for a gas of anisometric rigid particles, m mass, A, B, C principle inertial moments.) Q, stands for the configuration integral
The integration is over volume and orientation of the particles (in terms of Euler angles d a = sin 8 dû dq d$/8 n2)
We assume a pairwise interaction so that U = 1 uij
where uij depends only on the coordinates and orientation of particle i and j. With this assumption Q, can be expressed in terms of cluster integrals (for detail derivations see refs. Q,
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Here the sum is to be taken over al1 products for which lm, = N and v = VIN. The cluster integrals h are in turn defined by
The Ursell functions u('' are products of the factors f.. = e-"ljlT -1. Tt is ZJ and in general U"' = 1 n Aj where the sum is to be taken over al1 products that correspond to clusters of I molecules, that is over products in which the indices of al1 1 molecules occur and which cannot be divided into two factors that have no index in common. Eq. (3) is generally valid under the assumption of pairwise interaction. For the further development of the formalism it has to be assumed that the cluster integrals (4) which are in general volume dependent can be replaced by the volume independent yalues which are obtained when the volume integration for al1 but one particle is taken over an infinitely extended volume. Under this assumption one can derive
Where the fugacity Z is given by
The final result in terms of irreducible cluster integrals is (7) with where the sum is over al1 products corresponding to irreducible clusters of k molecules. Such products cannot be divided into two parts that have no index in common after removal of any one of the factors fij of the original product. In the nematic state the configurations are limited to the States with long range orientational order. The cluster integrals under this constraint are given by and the free energy in terms of irreducible cluster integrals [ l ] 
Where w(Q) denotes the normalized orientational distribution function and the modified irreducible cluster integrals are determined by
We return now,@ the discussion of the volume dependence of the cluster integrals (4) or (9). The functions Aj are zero for non-interacting particles. To evaluate a cluster integral of 1 molecules we may integrate first over the orientations of al1 particles and over the positions of the first I -1 particles. The result of this integration is independent of the volume when the distance of particle (1) from the boundary is larger than (1 -1) r* where r* is the interaction distance between the particles. It results from the fact that Aj is zero for non-interacting particles that is for vij > r*. The integrand of (4) is therefore always zero when the distance of any particle-of the cluster from particle (I) is larger than (1 -1) r*. For such positions of particle (1) no error results when the integration limits for the (1 -1) first particles are extended to an infinite volume. On the other hand, when the distance of (1) from the boundary becomes smaller than (1 -1 ) r* the result of the integration depends on the volume and is modified when the limits are extended to infinity. As the error occurs only in a boundary range, it can be made small when at fixed I the volume is chosen large enough.
The order of the clusters in dilute gases that are important for the configuration integral is independent of the volume. The use of volume independent cluster integrals is then well justified. In the other limit when the density is high so that the average distance between the particles is smaller than their interaction range the clusters of importance will comprise practically al1 molecules. The volume dependence is then significant and the expressions for the free energy [Eq. (5), (7) and (IO)] are incorrect.
We are in particular interested in cylindrical particles of a large length to diameter ratio (LID > 50) which interact like hard rods. For an interaction the distance between the centers of the particles must be smaller than the length L. The interaction range is accordingly equal to L. It means for the above considered cluster integral that the integration the first (1 -1 ) particles of a cluster integral depends on the volume when the distance from the boundary of particle I is smaller
It is convenient to assign to the particles an interaction volume. In the given case this may be 71 set equal to v* = -L 3. The cluster integral approach 6 is accordingly justified when VIN = u B v*.
Onsager7s theory for a system of hard rods with L 9 D gives for the particle density of the isotropic phase at the transition point [3] pis, = 4.2/L2 D and for the nematic phase in equilibrium with the isotropic phase p,,, = 5.3/L D. It follows that at the transition Both values are large compared to 1 and not small as required for the validity of a cluster integral expansion. It should be noticed that the volume of the particle itself is small compared to visa or vnem (vpart/viso 3 DI').
The above estimate for u* may be too stringent and it may be better to use the CO-volume of two particles [ l ] as an estimate for an effective interaction volume. We obtain in this way v*/viso = 6 v*/unenl = 2 .
(13)
It has been assumed here that the degree of order in the nematic phase at the transition is 0.78 as given by the theory [3]. The volume ratios are independent of L/D in the limit of a large length to width ratios but they are not small compared to 1 . It does not seem possible to make a quantitative estimate of the error that results from the volume dependence of the cluster integrals. Probably the unjustified extension of the integration limits results in too large values for the excluded columns. Judging from the ratios (13) the error will be larger for the isotropic state than for the ordered state where the effective interaction volume is reduced because of the partial parallel alignment. The procedure favors accordingly the ordered state. It will consequently predict phase transition at too low densities and give theoretical S-values that are too high. The conclusion that the theories favor the ordered state is also supported by a study of the pair correlation function.
Pau correlation and irreducible cluster integrals.
-We consider the correlation between particle ( 1 ) and (2). For this purpose we write the interaction potential in the form The pair correlation function can be expressed in terms of products in a similar way as the configuration integral (see for instance ref. [6] chapter X).
The index ic in this expression can assume the values 1 and 2 while i, j, k may assume al1 values 3 3. The products n Ji'j fk, define again a division of the system into clusters. Only the clusters that contain particle (1) and (2) contribute to the correlation between the particles.
We consider now the orientational correlation between the two particles when they are in a fixed position a distance r = mr* appart. Here r* is again the interaction range. A cluster that contributes to the correlation.must then contain 1 3 m -1 particles in addition to the two particles that it connects. The integrals over clusters containing the two particles cannot al1 disappear when correlation exists as we assume here. We select a cluster that makes a finite contribution and choose a second set of particles with which we form a product that corresponds to an equivalent cluster containing particle ( 1 ) and (2) (see Fig. 1 ). Multiplying this product with original product we obtain a cluster of 2 1 particles in addition to ( 1 ) and (2). We integrate now over the 2 1 particles holding the position of the first two particles fixed. This gives
A. SAUPE Finally, we integrate c, , , over the positions and orientations of particle (1) and (2). The integral corresponds to one of the terms of b,,,,, the cluster integral of the first kind which we considered in the previous section. It has a positive value since according to Our assumption q,, does not identically disappear. The value of such an integral is equal to a product of integrals over irreducible clusters. In Our case, one of these irreducible clusters must be of order k > 2 m -1 or larger because the cluster contains a loop of k + 1 > 2 m bonded particles (see Fig. 1 ).
Our considerations show that a long range orientational order cannot exist when the irreducible cluster integral above a certain order disappears. It contradicts Onsager's result which predicts a nematic phase using only the first irreducible cluster integral. The contradiction probably results from the use of the cluster integral approach at too high densities.
4.
Conclusion. -It has been shown that the cluster integral expansion does not provide a sound basis for a theory of nematic states because the particle density is too high in the range where the transition occurs. This is true also for system of long cylindrical particles. In spite of this difficulty the method gives results which are in reasonable agreement with the observations. For instance, it explains successfully the correlation between particle density at the transition point and length to width ratio of the particles. On the other hand, the predicted degree of order for the nematic state seems much too high. The partial success shows that the cluster expansion can be useful beyond its range of accurate validity but a theoretical justification is still lacking.
